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Abstract. Inclusion preserving maps from modules over an Artin algebra 
to complete partially ordered sets are studied. This yields a filtration of the 
Ziegler spectrum which is indexed by all Gabriel-Roiter measures. Another 
application is a compactness result for the set of subcategories of finitely pre- 
sented modules that are closed under submodulcs. 



1. Introduction 

Let A be an Artin algebra. We work in the category Mod A of all A-modules and 
mod A denotes the full subcategory consisting of all finitely presented A-modules. 

In this paper we combine two concepts from representation theory which have 
the following in common: they are powerful but also technically involved. Our 
motivation is to understand invariants of representations which reflect the inclusion 
relation. Thus we study maps /: ModA — > S where S is a partially ordered set 
and for each pair X, Y of A-modules 

XCY =^ f{X) < f{Y). 

The Gabriel-Roiter measure /x: Mod A — > 2^ in the sense of Ringel [T^] is an 
example of particular importance. Here, 2^ denotes the power set of the set of 
natural numbers, endowed with the lexicographical order. 

In a recent paper [13], Ringel used the Gabriel-Roiter measure to establish the 
following somewhat surprising result. Here, an additive subcategory of mod A is said 
to be of infinite type if it contains infinitely many non-isomorphic indecomposable 
objects. 

Theorem (Ringel). Each submodule closed additive subcategory of mod A that is 
of infinite type contains one which is minimal among all submodule closed additive 
subcategories of infinite type. □ 

We give a new proof of this result which involves the Ziegler spectrum of A 
and uses its compactness ^4j. A further analysis then leads to a filtration of the 
Ziegler spectrum which is indexed by the totally ordered set {fJ,{X) \ X e Mod A} 
consisting of all Gabriel-Roiter measures. 

2. From modules to partially ordered sets 

In this section we study maps from the category of A-modules to complete par- 
tially ordered sets. From a categorical point of view this means we consider the 
subcategory Mon A of Mod A where the objects are the A-modules and the mor- 
phisms between two modules are the A-linear monomorphisms. Then we study 
functors Mon A — ;> S where S is a partially ordered set, viewed as a category having 
at most one morphism between any two objects. 
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Submodule closed subcategories. Let S(mod A) denote the set of full additive 
subcategories of mod A that are closed under submodules. This set is partially 
ordered by inclusion and in fact complete. 

Recall that a partially ordered set S is complete if every subset U of S has a 
supremum, which then is denoted by 

sup {} = \J X. 

Note that the supremum can be expressed as an infinium: 

sup U = inf{y e S | x < ?/ for all x e U}. 

Given an A-module X, let subX denote the full subcategory of mod A consisting 
of all A-modules that are submodules of finite direct sums of copies of X. 

Proposition 2.1. The map Mod yl — > S(mod A) taking a module X to suhX is the 

universal map f : Mod A ^ S to a complete partially ordered set S satisfying 

(1) fix) < f{Y) for X QY m Mod A; 

(2) 'fix ®Y) = fix) V fiY) for X, Y m Mod A; 

(3) ^q) = Vq f{Xa) for every directed union IJ^ Xa in Mod A. 

More precisely, given such a map f: Mod A — > S, there exists a unique map 
f: S(modA) S satisfying f{X) = /(subX) for all X e Mod A. The map f 
is order preserving and 

fi\JC^)^\J fiCo) 

a a 

for every set of elements Cq e S(mod A). 

Proof. It is clear that the assignment X ^ subX satisfies (l)-(3). Now fix an 
arbitrary map /: Mod A — S with these properties. Then subX C subF implies 
that X is a submodule of a finite direct sum of copies of F, and therefore fiX) < 
fiY). Thus /: S(modyl) S taking suhX to fiX) is well-defined and order 
preserving. Note that any C in S(mod A) is of the form C = subXc, where Xq = 
®xecX- Finally, we compute 

/(VQ) = /(sub0XcJ = /(0XcJ = v/(^cj ^yiiCo.). □ 

a a a a a 

The Ziegler spectrum. We write Ind A for the set of isomorphism classes of 
indecomposable pure-injective A- modules. A subset of Ind A is Ziegler closed if it 
is of the form C n IndA for some definable subcategory C C Mod A. Following [2], 
a subcategory is definable if it is closed under filtered colimits, products and pure 
submodules. The Ziegler closed subsets provide the closed subsets of a topology on 
Ind^; see [21 El- For each class C of A-modules, we denote by Def C the smallest 
definable subcategory containing C and let Zg C = Def C fl Ind A. Note that 

(2.1) ZgDefC = ZgC and DefZgC = DefC. 

The first equality is clear from the definition; for the second one, see [Hi §2.3] or 
m Corollary 6.9]. 

Given an additive subcategory C of mod A, let linj C denote the full subcategory 
consisting of all A- modules that are filtered colimits of modules in C. 

Proposition 2.2. Let C be an additive subcategory of Mod A that is closed under 
submodules. Then 

Def C = lim(Cn mod A) = {X G Mod .4 | subX C C}. 
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Proof. We may assume that C C mod A; the general case is then an immediate 
consequence. For each X G mod A, let X — ;> Xc denote the universal morphism to 
an object of C. This is an epimorphism, since C is closed under submodules; take 
Xc = X/U where U denotes the minimal submodule with X/U G C. An A-module 
Y belongs to linj C if and only if each morphism X ^ Y with X finitely presented 
factors through the morphism X Xc; see [71 Proposition 2.1]. It follows that 
an j4- module Y belongs to lim C if and only if every finitely presented submodule 
belongs to C. From the same~ciescription, it is easily seen that lin^C is closed under 
filtered colimits and products. Thus lin^C — Def C. □ 

Corollary 2.3. Let C C Mod A be a full additive subcategory closed under submod- 
ules. Then 

ZgC = {X G Ind^ I suhX C C}. 

For a set of submodule closed full additive subcategories C Mod A, one has 

Zg(f|C„) = flZgC„. 

a a 

Proof. The first part is clear from the preceding proposition. Now let C — f]^ C^. 
We need to check that Zg C ^ Zg while the other inclusion is clear. Fix a 
module Y in ZgCa. A finitely presented submodule of Y belongs to for all 
a, and therefore it belongs to C. Thus Y is in ZgC. □ 

The following example shows that in the preceding corollary the assumption on 
each Ca to be submodule closed is necessary. 

Example 2.4. Let A be a tame hereditary algebra. Given any tube C of the AR- 
quiver, Zg C contains the unique generic ^-module Corollary 8.6]. Thus we have 
for two diferent tubes Ci, C2 that Zg Ci n Zg C2 ^ 0, while Ci n C2 = 0. 

For each class C of ^-modules, let subC denote the full subcategory consisting 
of all finitely presented submodules of finite direct sums of modules in C. 

Corollary 2.5. Let C be a class of A-modules. Then 

sub C = sub Zg C = sub Def C. 

Proof. We apply Proposition 12.21 and get 

subC C subDef C C sublinjsubC — subC. 

Combining this identity with (12. ip gives 

sub Zg C = sub Def Zg C = sub Def C = sub C. □ 

Corollary 2.6. Let f: Mod A — >■ S &e a map to a complete partially ordered set S 
satisfying the conditions (l)-(3) from Provosition \2. 1\ Then 

f{X) = y f{Y) for all X G Mod A. 

Yezgx 

Proof. From Corollary 12.51 one has 

subX = subZgX = y subF. 

YeZgX 

Using the map /: S(mod A) — > S from Proposition [^Hl one gets 

/(x) = /(subx) = /( V suby)= V /(subr)= V f{Y). a 

YeZgX YeZgX YeZgX 
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3. The Gabriel-Roiter filtration 

In this section we study a specifie inclusion preserving map Mod A — > S, namely 
the Gabriel-Roiter measure. This map refines the usual length function Mod A ^ N 
and has the additional property that the set S is totally ordered. 

The Gabriel-Roiter measure. Let N — {1,2,3, . . .} and denote by 2^ the set 
of all subsets of N. We view this as a partially ordered set via the lexicographical 
order, given by 

I <J ^ inf ( J \I)< inf (/ \ J) for J, J G 2^*. 

Note that 2^ is totally ordered and complete. 

Given an A-module X of finite length, let £{X) denote the length of a composition 
series. Following [51 112j . the Gabriel-Roiter measure of an A- module X is 

XiC...CX^CX 

where Xi C . . . C Xr C X runs through all finite chains of submodules such that 
each Xi is indecomposable and of finite length. For a class C of A-modules, we 
write 

fi{C) = V ^,{X). 

xec 

The basic properties of the Gabriel-Roiter measure are summarised in the following 
statement. Note that these are precisely the properties appearing in ProDOsition l2.1l 

Proposition 3.1. Let X,Y be A-modules. Then 

(1) ii{X)<ti{Y) tfXCY; 

(2) ^{X) — Vq l^{Xa) for every directed union X = IJ^ Xa; 

(3) ti{x®Y)^ ^i{x)y ^JL{Y). 

Proof. (1) and (2) are clear from the definition of fx. (3) holds for finitely presented 
A-modules by [31 Corollary 5.3]. To prove the general case, write X — IJ^ X^ and 
Y = Yg as directed unions of finitely presented modules. Then 

X © r = y x„ ® i> 

and therefore 

ti(X®Y) =. y ^,{X^(BYp) 

(",/3) 

= V M(^c.)V/i(l» 
C«,/3) 

= (\/M^a))v(VM(>>)) 

a /3 

= Ai(x)v/i(y). □ 

Corollary 3.2. Let C be a class of A-modules. Then 

fi{C) = /i(subC) = Ai(ZgC) = Ai(Def C). 

Proof. The first identity follows from Proposition 13.11 The rest then follows by 
Corollary □ 
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It seems to be an interesting question to ask, whether each element / = 
in the image of /i: Mod A ^ 2^ is of the form / = fi{Y) for some indecomposable 
pure-injective A-module Y . 

The Gabriel— Roiter filtration. The following proposition yields a collection of 
(not necessarily distinct) Ziegler closed subsets of \nd A which is indexed by the 
elements of 2^. For each / e 2^^, set 

Zgl ^ {X e\ndA\ fi{X) < 1} and suh I = {X e mod A \ fi{X) < I}. 

Proposition 3.3. Let I e 

(1) The set Zg/ is Ziegler closed and the subcategory sub/ is additive and 
suhmodule closed. 

(2) If I = IJ-{X) for some A-module X, then 

^{Zgl) — I and /i(sub/) = /. 

(3) For each subset U C Ind^, one has 

/i(U)</ ^ UCZg/. 

(4) For each subcategory C C mod A, one has 

fi{C)<I CCsub/. 

Proof. The A-modules X satisfying ii{X) < I form an additive subcategory of 
Mod^ that is closed under submodules, by Proposition 13. II In fact, these modules 
form a definable subcategory, by Proposition 12. 2[ and therefore Zg / is Ziegler 
closed. The rest is clear from the definitions of Zg / and sub/. □ 

We shorten our notation and set V/ = Zg / for each / G 2^. 

Corollary 3.4. There is a filtration (V/)/g2'' of \nd A consisting of Ziegler closed 
subsets such that the following holds: 

(1) V/ C Vj for alll <J m 2^; 

(2) Vi„fs-n/6sV//or all SC 2^; 

(3) /i(V/) < / for all I £ 2'*^, and equality holds if and only if I = l-J.{X) for 
some A-module X. □ 

The partially ordered set of Ziegler closed sets. We denote by Cl(lndyl) the 

set of Ziegler closed subsets of IndA; they form a complete partially ordered set. 
Corollarv l2.6l savs that the map taking an A-module X to ZgX is universal in the 
sense that any map / : Mod A S to a complete partially ordered set satisfying 
the conditions (l)-(3) from Proposition 12.11 satisfies 

f{X)= V f{Y). 
Yezgx 

The basic examples of such assignments are X i-^ subX and X n- ijl{X). This 
yields the following diagram: 

Mod A 




Zg sub 



Here, we write 
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for an adjoint pair of morphisms between partially ordered sets which means that 
fi^) ^ y <^=^ ^ ^ 9iy) for all a; G S, y G T. 

The adjointness of the pair (sub, Zg) follows from Corollarv l2.3l for (/i, sub) it follows 
from Proposition 13. 31 

We say that a morphism / : S T is a quotient map if / induces an isomorphism 
S/^ ^ T, where x ^ y iS f(x) — fijj) for x,y &S. An equivalent condition is that 
fg = idj; see [H Proposition 1.1.3]. 

Let us denote by GR(yl) the image of /i: Mod A — > 2'*'. This is a complete 
partially ordered set. 

Proposition 3.5. The morphisms 

sub: CI(lndA) — ^S(modA) and /i:S(modyl) — J> GR(A) 

are quotient maps. 

Proof. We have subZgC = C for each C e S(modyl), by Corollarv 12.51 On the 
other hand, /i(sub/) — I for each / G GR(A), by Proposition 13. 31 □ 

Given a pair of Ziegler closed subsets U, V of Ind ^, when is sub U = sub V? This 
amounts to computing Zgsub U, since 

subU=subV ^ Zg sub U = Zgsub V. 

Note that 

V C ZgsubV 

holds automatically; we describe when equality holds. 

Proposition 3.6. Let C he a definable subcategory of Mod A and V = C fl Ind A the 

corresponding Ziegler closed set. Then the following are equivalent: 

(1) C is closed under submodules; 

(2) V is closed under submodules: X G V, y G Indyl, and Y C X" for some 
n G N implies Y G V; 

(3) V = ZgsubV. 

Proof (1) =^ (2): Clear. 

(2) (3): That V is closed under submodules implies Def V = Def subV. Using 
(|2.1|) then gives 

V = Zg DefV = Zg Def sub V = ZgsubV. 

(3) (1): The equality in (3) yields 

C = DefV = Def ZgsubV = Def sub V = Def sub DefV = Def sub C. 

Here, (|2.ip and CoroUarv 12.51 are used. The equality C — Def sub C implies that C 
is closed under submodules. □ 

The Kronecker algebra. Let A — [ q ] be the Kronecker algebra over an alge- 
braically closed field k. A complete list of the indecomposables in mod A is given 
by the preprojectives Pn, the regulars -R„(A), and the preinjectives Q„', see [11 
Thm. VIIL7.5]. More precisely, 

Ind Anmod A = {P„ | n G N}U{i?„(A) | n G N, A G P^(fc)} U{g„ 1 n G N}, 
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6 
5 
4 
3 
2 
1 
i 

From this, one computes 

where the Gabriel-Roiter measure of i?„ = Rn{^) does not depend on A. This gives 
the fohowing order: 

^^(Ql)=A'(^•l)<M(-P2)<^'(f3)< ... <p.{Ri)<i-i{R2)<KR3)< ■■■ <i-'{Q4,)<KQ3)<KQ2) 
The indecomposable pure-injective A-modules which are not finitely presented are 
the Priifer modules -Roo(A) = limi?„(A), the adic modules i?(A) — lim_R„(A), and 
the generic module G; see O [11] . Thus 

Ind A \ mod A = {i?oo(A), ^(A) | A e F\k)} U {G}. 
Now one computes 

/i(i?(A)) ^ ^^{G) = {1, 3, 5, 7, . . .} = V 

n>l 

M(i?oo(A)) = {1, 2, 4, 6, . . .} = V ^l{Rn) = A /^(^") 

n>l n>l 

and this completes the list of values of the Gabriel-Roiter measure; see also [T^l 
Appendix B] . Note that this yields the description of the Gabriel-Roiter filtration 
of Ind A. 

4. Compactness 

The collection of submodule closed additive subcategories of mod A enjoys a com- 
pactness property which we discuss in this section. A consequence is the existence 
of minimal submodule closed subcategories of infinite type. This is a somewhat 
surprising result from a recent article of Ringel ^3j. Note that the proof given 
here is quite different from Ringel's. He uses the Gabriel-Roiter measure, while the 
compactness result is derived from the compactness of the Ziegler spectrum. 

Let C be an additive subcategory of mod A which is closed under direct sum- 
mands. We say that C is of finite type if C contains only finitely many pairwise 
non-isomorphic indecomposable modules. Note that a submodule closed subcate- 
gory C is of finite type if and only if the set 

{D e S(modA) I D C C} 




Rn Rn{X) Q 



= {l,3,5,...,2n-l} 

= {1,2,4,. ..,2n} 

= {l,2,4,...,2n-2,2n- 1} 
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is finite. 

Theorem 4.1. Let (C„)aeA be a collection of additive subcategories Cq, C mod A 
that are submodule closed. If C = PlQeA '^f tyP^j then there is a finite 

subset A' C A such that C = HagA' ^<^- 

The proof uses some properties of the Ziegler spectrum which are cohected in 
the following proposition. For a general introduction, we refer the reader to [6l [10] . 

Proposition 4.2. The space Ind A has the following properties. 

(1) The space \r\d A is quasi- compact. 

(2) For X £ Ind A n mod A, the subset {X} is open. 

(3) An additive subcategory C C mod A is of finite type iff ZgC C mod A. 

Proof (1) See [H Theorem 4.9] or [2 §2.5]. 

(2) See El Proposition 13.1]. 

(3) If C is of finite type, then the direct sums of modules in C form a definable 
subcategory; see [2] §2.5]. Thus ZgC C mod A. If C is of infinite type, then part 

(I) and (2) imply that ZgC contains modules which are not finitely presented. □ 

Proof of Theorem \4-.l\ We have ZgC = plaeA ^6 ^y Corollary 12.31 Using the 
properties of IndA collected in Proposition 14.21 it follows that ZgC = HasA' ^S^a 
for some finite subset A' C A. We have subZgD = D for each submodule closed 
additive subcategory D C mod A, by Corollarv l2.5l Thus C — HaeA' '-' 

A combination of Theorem 14 . 1 1 with Zorn's lemma gives the following result, and 
Ringel's theorem ]T3j mentioned in the introduction is an immediate consequence. 

Corollary 4.3. Let S be a set of submodule closed additive subcategories of mod A 
that is closed under forming intersections. Then the subset of S consisting of all 
subcategories of infinite type is either empty or it has a minimal element. □ 
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